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Directed Acyclic Graphs

Directed Acyclic Graph (DAG)
• A finite set of vertices V e.g. {a,b, c, . . . , j};
• a set of directed edges E ⊆ V× V;
• no cycles.

Without labels: Unlabelled DAGs
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Why DAGs?

Omnipresent data structure:
• Encoding partial orders in scheduling problems;
• Git histories;
• genealogy trees (those are not trees!);
• compacted trees (or XML documents, etc.);
• hash-consing…
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State of the art

Labelled DAGs:
• Counting by vertices: [Rob70; Rob73; Sta73]

• Counting by vertices and edges: [Ges96]

•

• Uniform sampling: [MDB01], [KM15]

•

Unlabelled DAGs:
• Counting by vertices: [Rob70; Rob77]

Compacted trees:
• Counting in the binary case: [GGKW20; EFW21]

•

Problems:
• Inclusion-exclusion
• No or little control
over the number of
edges

• Only binary
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Outline of the presentation

Background

Directed ordered acyclic graphs
definition and recursive decomposition

Asymptotic analysis
matrix encoding
asymptotic result
faster sampler

Labelled DAGs
a new way of counting

Conclusion
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A new kind of DAG

Directed Ordered Acyclic Graphs
DOAG = Unlabelled DAG

+ a total order on the outgoing edges of each vertex
+ a total order on the sources

̸= ̸= =

1 2 1 2 1 2 1 2

Motivation
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Recursive decomposition
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n vertices, m edges, k sources
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(n− 1) vertices, (m− i− s) edges, (k+ s− 1) sources
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interleave with
i!
(i+s
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)
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Recurrence formula

Counting formula

Dn,m,k = #{DOAGs with n vertices, m edges and k sources}

=
∑
i,s≥0

Dn−1,m−i−s,k+s−1

(
n− k− s

i

)
i!
(
i+ s
i

)

Complexity of the counting (for n, k ≤ N and m ≤ M):
→ O(N4M) operations;
→ integers of bit-size O(M logM).

In practice: for M ≈ 400, one sink
→ several minutes

6



Recurrence formula

Counting formula

Dn,m,k = #{DOAGs with n vertices, m edges and k sources}

=
∑
i,s≥0

Dn−1,m−i−s,k+s−1

(
n− k− s

i

)
i!
(
i+ s
i

)

Complexity of the counting (for n, k ≤ N and m ≤ M):
→ O(N4M) operations;
→ integers of bit-size O(M logM).

In practice: for M ≈ 400, one sink
→ several minutes

6



Recurrence formula

Counting formula

Dn,m,k = #{DOAGs with n vertices, m edges and k sources}

=
∑
i,s≥0

Dn−1,m−i−s,k+s−1

(
n− k− s

i

)
i!
(
i+ s
i

)

Complexity of the counting (for n, k ≤ N and m ≤ M):
→ O(N4M) operations;
→ integers of bit-size O(M logM).

In practice: for M ≈ 400, one sink
→ several minutes

6



Random sampling

Nijenhuis & Wilf 1978
Random sampling = counting

1. Select (i, s) with
probability Dn−1,m−i−s,k+s−1(n−k−s

i )i!(i+si )
Dn,m,k

;
2. sample a DOAGn−1,m−i−s,k+s−1;
3. connect the s largest sources;
4. connect i random internal vertices;
5. order the edges.

Complexity: O
(∑

v vertex d2v
)
= O(min(N3,M2)).
out-degree of v

In practice: about 400 edges in a few ms.
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A first asymptotic result

Asymptotics: (approximately) how many large DOAGs are there
when n,m→ ∞? (And what about k?)

Simplification: drop parameters, only count by vertices.

Dn
def
= #{DOAGs with n vertices, one source}

Number of single-source DOAGs (P., Viola, 2023+)

Dn ∼
n→∞

c · n−1/2 · en−1 · ¡n− 1!

for c ≈ 0.4967 and where ¡x! =
∏x

k=1 k!.
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Proof sketch (1/3)

The plan: 1. Upper bound 2. Lower bound 3. Bootstrapping

Dn ≤
n−1∏
k=1

vk ≤ en−1 ¡n− 1!
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Proof sketch (2’/3)

The plan: 1. Upper bound 2’. Better lower bound 3. Bootstrapping

{DOAG matrices} ⊇
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? ? ?
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̸=
̸=
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Dn ≥
A′ · ln(n)

n en−1 ¡n− 1!

Pn =
Dn

en−1 ¡n− 1! ⇒ A′ · ln(n)
n ≤ Pn ≤ 1
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Proof sketch (3/3)

The plan: 1. Upper bound 2. Better lower bound 3. Bootstrapping

{DOAG matrices} =

̸=

+ + + · · ·Dn−1 Dn−2 Dn−3

or̸=
̸≠=

̸=
̸≠=

̸=

Dn = (vn−1 − vn−2)Dn−1 +
1
2(vn−1 − 2vn−2 + vn−3)vn−3Dn−2 + · · ·

Pn =
(
1− 1

n− 1

)
Pn−1 +

1
2(n− 2)

(
1− 2

n− 1 +
1

(n− 1)(n− 2)

)
Pn−2 + · · ·
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̸≠=

̸=

Dn = (vn−1 − vn−2)Dn−1 +
1
2(vn−1 − 2vn−2 + vn−3)vn−3Dn−2 + · · ·

Pn =
(
1− 1

n− 1

)
Pn−1 +

1
2(n− 2)

(
1− 2

n− 1 +
1

(n− 1)(n− 2)

)
Pn−2 + · · ·

Pn = Pn−1
(
1− 1

2n + O
(
n−2

))
⇒ Pn ∼ c · n−1/2

13



Random sampling again!

Corollary
Dn

#{matrices of variations of sizes 1, 2, . . . ,n− 1} ∼ c · n− 1
2

Rejection sampling: draw variation matrices until they correspond to a DOAG
(Naive) complexity: #rejections× Cost(one generation)

Generating one variation: ∼ n log2(n) random bits.

Better complexity:
Cost(one full generation) + #rejections× Cost(one failed generation)

=
n2
2 log2(n) + O

(√
n · Cost(one failed generation)

)
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Outline of the presentation

Background

Directed ordered acyclic graphs
definition and recursive decomposition

Asymptotic analysis
matrix encoding
asymptotic result
faster sampler

Labelled DAGs
a new way of counting

Conclusion
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But… what about labelled DAGs?

Idea: mark one source, and remove it.

An,m,k = #DAGs (n vertices, m edges, k sources)

k An,m,k = n
∑
i,s

An−1,m−i−s,k+s−1

(
k+ s− 1

s

)(
n− s− k

i

)

→ New counting formula for DAGs;
→ Effective sampler with fixed number of edges and
vertices.
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And the matrix representation?
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And the matrix representation?

TODO
(work in progress)
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And the matrix representation?

1 2 3 4 5 6 7 8 9 10 11

1 2 3
1 23 45

12
3 1 2

12
1 2

1
1
12
1

1

2

3

4

5

6

7

8

9

10

11
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And the matrix representation?

1 2 3 4 5 6 7 8 9 10 11

•
1

2

3

4

5

6

7

8

9

10

11

•
• • •

•
•

•
•

•
•

• • •
• •

• •
•

•

•
•
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Perspectives

• Efficient random generation of labelled DAGs
• Collaboration with Philippe Marchal

• Study the shape of big DOAGs
• Multigraph equivalent: DOAMG

• Identical to compacted plane trees
• Simpler recurrence relation
• No asymptotics (yet)
• Collaborations with Alfredo Viola (Montevideo) and Michael Wallner (TU Wien)

• What about sparse DOAGs?
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> New model: DOAG
> New way of counting
> Control over the number of edges
> When forgetting edges:

> (Fun?) asymptotic results
> Optimal uniform sampler

> Results on DAGs

https://github.com/Kerl13/randdag
https://wkerl.me
martin.pepin@lipn.univ-paris13.fr

https://github.com/Kerl13/randdag
https://wkerl.me
mailto:martin.pepin@lipn.univ-paris13.fr
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