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Abstract

Directed acyclic graphs (DAGs) are directed graphs in which there is no path from a vertex to itself. DAGs

are an omnipresent data structure in computer science and the problem of counting the DAGs of given number

of vertices and to sample then uniformly at random has been solved respectively in the 70’s and the 00’s. In

this paper, we propose to explore a new variation of this model where DAGs are enriched with an independent

ordering of the out-edges of each vertex, thus allowing to model a wide range of existing data structures. We

provide efficient algorithms for sampling objects of this new class, both with or without control on the number

of edges, and obtain an asymptotic equivalent of their number. We also show the applicability of our method

by providing an effective algorithm for the random generation of classical labelled with a prescribed number of

vertices and edges, based on a similar approach. This is the first such algorithm and it meets a need highlighted

in the literature, in terms of applications.

1 Introduction
Directed Acyclic Graphs (DAGs for short) are directed graphs in which there is no directed path (sequence of

incident edges) from a vertex to itself. They are an omnipresent data structure various areas of computer science

and mathematics. In concurrency theory for instance, scheduling problems usually define a partial order on a

number of tasks, which is naturally encoded as DAG via its Hasse diagram [Cor+10; CEH19]. DAGs also appear

as the result of the compression of some tree-like structures such as XML documents [BLMN15]. In functional

programming in particular, this happens at the memory layout level of persistent tree-like values, where the term

“hash-consing” has been coined to refer to this compression [Got74]. Computer algebra systems also make use

of this idea to store their symbolic expression [Ers58]. Finally, complex histories, such as those used in version

control systems (see Git for instance [GZOV18, p. 17]) or genealogy “trees” are DAGs as well.

Two kinds of DAGs have receive a particular interest: labelled DAGs and unlabelled DAGs. The most obvious

one the labelled model, in which one has a set 𝑉 of distinguishable vertices (often J1; 𝑛K) connected by a set of

edges 𝐸 ⊆ 𝑉 × 𝑉 . The term labelled is used because the vertices can be distinguished here, they can be assigned

labels. On the other hand, unlabelled DAGs are the quotient set obtained by considering labelled DAGs up to

relabelling, that is to say up to a permutation of their vertices (which is reflected on the edges). These two types

of objects serve a different purpose, the former represents relations over a given set whereas the latter represents

purely structural objects. From a combinatorial point of view, a crucial difference between the two models is that

one has to deal with symmetries when enumerating unlabelled DAGs which makes the counting and sampling

problem significantly more involved.

The problem of counting DAGs has been solved in early 70’s by Robinson [Rob70; Rob73; Rob77] and Stan-

ley [Sta73] using different approaches. Robinson exhibits a recursive decompositions of labelled DAGs leading

to a recurrence satisfied by the numbers 𝐴𝑛,𝑘 of DAGs with 𝑛 vertices including 𝑘 sources (vertices without any

incoming edge). Stanley on the other hand uses a generating function approach using identities of the chromatic

polynomial. Robinson also solves the unlabelled case starting from the same ideas but using Burnside’s lemma

and cycle index sums to account for the symmetries of these objects. He provides a first solution in [Rob70]

and makes it more computationally tractable in [Rob77]. In the 90’s, Gessel uses a novel approach based on

so-called graphical generating function in [Ges95; Ges96] to take into account more parameters and count DAGs

by vertices and edges, but also sinks and sources.
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From the point of view of uniform random generation, the recursive decomposition exhibited by Robinson

in [Rob73] is interesting as it is amenable to the recursive method pioneered by Nijenhuis and Wilf in [NW78].

This yields a polynomial time algorithm for sampling uniform DAGs with 𝑛 vertices. The analysis of this algo-

rithm has been done in [KM15] but it had been acknowledged earlier in [MDB01] although the article proposes

an alternative solution. Both [KM15] and [MDB01] also offer a Markov chain approach to the random sampling

problem. Unfortunately, to our knowledge, no efficient uniform random generator of unlabelled has been found

yet. Moreover, unlike in the labelled case, the method derived by Robinson to exhibit the number of unlabelled

DAGs cannot be easily leveraged into a random sampler as they make extensive use of Burnside’s lemma. An-

other interesting question is that of controlling the number of edges in random those samplers. Indeed, sampling

a uniform DAG with a prescribed number of vertices and edges cannot be achieved using the Markov chain ap-

proach as it constrains the chain too much, and the formulas of Gessel are not amenable to this either. In [KM15,

§ 7], the authors provide an interesting discussion on which kind of restrictions can be made on DAGs with the

Markov chain approach. They discuss in particular the case of bounding the number of edges and highlight the

benefits the having a precise combinatorial enumeration compared to Markov chains.

In the present paper, we propose to study an alternative model of DAGs, which we call Directed Ordered

Acyclic Graphs (DOAGs), and which are enriched with additional structure on the edges. More precisely, a

DOAG in an unlabelled DAG where (1) set of outgoing edges of each vertex is totally ordered, (2) the sources are

totally ordered as well, and (3) graphs are constrained to have only one sink. This local ordering of the sources

allows to capture more precisely the structure of existing mathematical objects. For instance, the compressed

formulas and tree-like structures mentioned earlier (see [Ers58; Got74]) indeed present with an ordering as soon

as the underlying tree representation is ordered. This is the case for most trees used in computer science (e.g.
red-black trees, B-trees, etc.) and for all formulas involving non-commutative operators. We present here several

results regarding DOAGs, as well as an extension of our method to classical labelled DAGs.

As a first step of our analysis, we describe a recursive decomposition scheme that allows us to study DOAGs

using tools from enumerative combinatorics. This allows us to obtain a recurrence formula for counting them,

as well as a polynomial-time uniform random sampler, based on the recursive method from [NW78], giving full

control over their number of vertices and edges. Our decomposition is based on a “vertex-by-vertex” approach,

that is we remove one vertex at a time and are able to describe exactly what amount of information is necessary

to reconstruct the graph. This differs from the approach of Robinson to study DAGs, where here removes all the

sources of a DAG at once instead. Although this is a minor difference, our approach allows us to easily account

for the number of edges of the graph, which is why our random sampler is able to target DOAGs with a specific

number of vertices. In terms of application, this means that we are able to efficiently sample DOAGs of low

density. A second by-product of our approach is that it makes straightforward to bound the out-degree of each

vertex, thus allowing to sample DOAGs of low degree as well.

In order to show the applicability of our method, we devise a similar decomposition scheme for counting

labelled DAGs with only one sink. This allows us to transfer our results on DOAGs in the context of labelled

DAGs. More precisely, we present a new recurrence formula for counting labelled DAGs with one sink by number

of vertices, edges and sources and which differ from the formula of Gessel [Ges96] counting the same objects.

Our approach allows us to obtain an efficient uniform random sampler of labelled DAGs (with one sink) with

a prescribed number of vertices and edges. Here again, in addition to giving control over the number of edges

of the produced objects, our approach can also be adapted to bound the out-degree of their vertices. To our

knowledge, this is the first such sampler.

Finally, in a second part of our study of DOAGs, we focus on their asymptotic behaviour and get a first result

in this direction. We consider the number 𝐷𝑛 of DOAGs with 𝑛 vertices, one source, and any number of edges,

and we manage to exhibit an asymptotic equivalent of an uncommon kind:

𝐷𝑛 ∼ 𝑐 ⋅ 𝑛−1/2 ⋅ 𝑒𝑛−1
𝑛−1

∏
𝑘=1

𝑘! for some constant 𝑐 > 0.

In the process of proving this equivalent, we state an upper bound on 𝐷𝑛 by exhibiting a super-set of the set

of DOAGs of size 𝑛, expressed in terms of simple combinatorial objects: variations. This upper-bound is close

enough to 𝐷𝑛 so that we can leverage it into an efficient uniform rejection sampler of DOAGs with 𝑛 vertices

and any number of edges. Combined with an efficient anticipated rejection procedure, allowing to reject invalid

objects as soon as possible, this lead us to an optimal uniform sampler of DOAGs of size 𝑛.

2



Outline of the paper In Section 2, we start by introducing the class of Directed Ordered Acyclic Graphs

and their recursive enumeration and describe a recursive decomposition scheme allowing to count them. We

quickly go over a counting algorithm implementing the recurrence. In Section 3, we describe and analyse an

effective uniform random sampler of DOAGs giving full control over the number of edges, vertices, and sources

based on the recursive decomposition. Then, in Section 4, we present a first asymptotic result: we give an

asymptotic equivalent of the number of DOAGs with one source and a prescribed number of vertices. The ideas

of the previous section lead us to design an optimal uniform random sampler of DOAGs with a given number

of vertices (but no constraint on the number of edges), this is described in Section 5. Finally in Section 6, we

show that our approach can be applied the classical model of labelled DAGs and provide a constructive counting

formula for them, that is amenable to efficient uniform random generation with a control on the number of

edges. An implementation of all the algorithms presented in this paper is available at https://github.com/

Kerl13/randdag. This paper extends [GPV21] with new results on the asymptotics of DOAGs and an optimal

uniform random sampler for the case when the number of edges is not prescribed.

2 Definition and recursive decomposition
We introduce a model of directed acyclic graphs called “Directed Ordered Acyclic Graphs” (or DOAGs) which is

similar to the classical model of unlabelled DAGs but where, in addition, we have a total order on the outgoing

edges of each vertex.

Definition 1 (DOAG). A directed ordered graph is a triple (𝑉 , 𝐸, (≺𝑣)𝑣 ∈𝑉∪{∅}) where:

• 𝑉 is a finite set of vertices;
• 𝐸 ⊂ 𝑉 × 𝑉 is a set of edges;
• for all 𝑣 ∈ 𝑉 , ≺𝑣 is a total order over the set of outgoing edges of 𝑣;
• and ≺∅ is a total order over the set of sources of the graph, that is the vertices without any incoming edge.

Two such graphs are considered to be equal if there exists a bijection between their respective sets of vertices that pre-
serves both the edges and the order relations≺𝑣 and≺∅. Finally, a DOAG is a directed ordered graph (𝑉 , 𝐸, (≺𝑣)𝑣 ∈𝑉∪{∅})
with only one sink and such that (𝑉 , 𝐸), as a directed graph, is acyclic.

The restriction we put on the number of sinks is a way to ensure the weak connectivity of the graph. More-

over, although we study this class as a whole, we believe that the DOAGs with only one source are of higher

interest, in particular for the purpose of modelling compacted data structure which often have a unique root. As

an example, all the DOAGs with one source and up to 4 edges are pictured in Fig. 1.

0 edge 1 edge 2 edges 3 edges 4 edges

Figure 1: All DOAGs with one source and up to 4 edges. All edges are implicitly oriented from top to bottom

and the order of the outgoing edges of each vertex is indicated by the thinner blue arrows (always from left to

right here).

2.1 Recursive decomposition
We describe a canonical way to recursively decompose a DOAG into smaller structures. The idea is to remove

vertices one by one in a deterministic order, starting from the smallest source (with respect to their ordering ≺∅).

Formally, we define a decomposition step as a bijection between the set of DOAGs with at least two vertices and

the set of DOAGs given with some extra information. Let 𝐷 be a DOAG with at least 2 vertices and consider the

new graph 𝐷′
obtained from 𝐷 by removing its smallest source 𝑣 and its outgoing edges. We also need to specify

the ordering of the sources of 𝐷′
. We consider the ordering where the new sources of 𝐷′

(those that have been

uncovered by removing 𝑣) are considered to be in the same order (with respect to each other) as they appear

as children of 𝑣 and all larger than the other sources. The additional information necessary to reconstruct 𝐷
from 𝐷′

is the following:
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1. the number 𝑠 of sources of 𝐷′
which have been uncovered by removing 𝑣;

2. the set 𝐼 of internal (non-sources) vertices of 𝐷′
such that there was an edge in 𝐷 from 𝑣 to them;

3. the function 𝑓 ∶ 𝐼 → J1; 𝑠 + |𝐼 |K identifying the positions, in the list of outgoing edges of 𝑣, of the edges

pointing to an element of 𝐼 .

In fact, this decomposition describes a bijection between DOAGs with at least 2 vertices and quadruples of

the form (𝐷′, 𝑠, 𝐼 , 𝑓 ) where 𝐷′
is a DOAG with 𝑘′ sources, 𝐼 is a subset of its internal vertices, 0 ≤ 𝑠 ≤ 𝑘′ is a non-

negative integer, 𝑠+ |𝐼 | > 0 and 𝑓 ∶ 𝐼 → J1; 𝑠+ |𝐼 |K is an injective function. Indeed, the inverse transformation is as

follows. Create a new source 𝑣 with 𝑠+ |𝐼 | outgoing edges such that the 𝑖-th of these edges is connected to 𝑓 −1(𝑖)
when 𝑖 ∈ 𝑓 (𝐼 ) and is connected to one of the 𝑠 largest sources of 𝐷′

otherwise. The 𝑠 largest sources of 𝐷′
must

be connected to the new source exactly once and in the same order as they appear in the list of sources of 𝐷′
.

Note that the order in which the vertices are removed when iterating this process corresponds to a BFS-based

topological sort of the graph. Fig. 2 pictures the first 3 decomposition steps of an example DOAG.

→ → →

1

1 2 3 1 2

3
4

1

2
3

Figure 2: Recursive decomposition of a DOAG by removing sources one by one in a breadth first search (BFS)

fashion. The edges are implicitly oriented from top to bottom and the order of the outgoing edges of each vertex

is indicated by the thinner blue arrows (always from left to right here). The integer labels at each stage indicate

the ordering of the sources.

This decomposition can be used to establish a recursive formula for counting DOAGs, which is given below.

Let 𝐷𝑛,𝑚,𝑘 denote the number of DOAGs with 𝑛 vertices, 𝑚 edges and 𝑘 sources, then we have:

𝐷1,𝑚,𝑘 = 1{𝑚=0 ∧ 𝑘=1}

𝐷𝑛,𝑚,𝑘 = 0 when 𝑘 ≤ 0

𝐷𝑛,𝑚,𝑘 =
min(𝑛−𝑘,𝑚+2−𝑛)

∑
𝑝=1

𝑝

∑
𝑖=0

𝐷𝑛−1,𝑚−𝑝,𝑘−1+𝑝−𝑖(
𝑛 − 𝑘 − 𝑝 + 𝑖

𝑖 )(
𝑝
𝑖)

𝑖! otherwise,

(1)

where 𝑝 = 𝑠 + 𝑖 corresponds the out-degree of the smallest source, the term (𝑛−𝑘−𝑝+𝑖𝑖 ) = (𝑛−𝑘−𝑠𝑖 ) accounts for

the choice of the set 𝐼 and the term (𝑝𝑖)𝑖! accounts for the number of injective functions 𝑓 ∶ 𝐼 → J1; 𝑝K. The

bounds on 𝑝 in the sum is justified by two combinatorial arguments. First, since 𝑝 is the out-degree of the

smallest source, it cannot be zero and it is upper bounded by the number of vertices it might have an outgoing

edge to, that is the number (𝑛 − 𝑘) of non-source vertices of the graph. The second upper bound is obtained by

observing that all vertices but the sink have at least one outgoing edge, hence the total number of edges 𝑚 is at

least 𝑝 + (𝑛 − 2).

Remark 1. Since 𝑝 = 𝑖 + 𝑠 is the out-degree of the removed source, the sequence 𝐷(𝑑)
𝑛,𝑚,𝑘 counting the DOAGs of

maximum out-degree bounded by a given constant 𝑑 can easily be obtained by replacing the bound over 𝑝 bymin(𝑛−
𝑘, 𝑚 + 2 − 𝑛, 𝑑) in the outermost sum.

2.2 Computational aspects of the counting problem
We consider the problem of computing 𝐷𝑛,𝑚,𝑘 for all 𝑛, 𝑚 and 𝑘 up to a given bound. This can be achieved easily

using equation 1 and a dynamic programming approach. We do not give the algorithm here as it is a straightfor-

ward implementation of the above formula. But in this section we give some details on its computational aspects.

First, in Lemma 1 we characterise the indices 𝑛, 𝑚, 𝑘 such that 𝐷𝑛,𝑚,𝑘 > 0. This can be used to avoid unnecessary

recursive calls and to choose a memory-efficient data-structure for storing the results. Then in Theorem 1 we

give the complexity of the counting procedure in terms of bitwise operations.
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Lemma 1. For 𝑛 > 1, we have 𝐷𝑛,𝑚,𝑘 ≠ 0 if and only if 1 ≤ 𝑘 < 𝑛 and 𝑛 − 1 ≤ 𝑚 ≤ (𝑛2) − (𝑘2).

Proof. There is always at least one source in a DOAG. Furthermore, since 𝑛 > 1, the unique sink cannot be a

source, thus 1 ≤ 𝑘 < 𝑛 is a necessary condition for 𝐷𝑛,𝑚,𝑘 to be positive.

Now let 𝑛 and 𝑘 be such that 1 ≤ 𝑘 < 𝑛 and consider 𝑛 vertices labelled from 1 to 𝑛. The maximum possible

of edges in a DOAGs with 𝑘 sources is obtained by putting an edge from vertex 𝑖 to vertex 𝑗 if and only if 𝑖 < 𝑗
and 𝑗 > 𝑘 as pictured below.

⋯ ⋯
1 2 k k + 1 n

✔

7

sources⇒ no incoming edges

This corresponds to (𝑛2) − (𝑘2) edges since there are (𝑛2) pairs (𝑖, 𝑗) such that 𝑖 < 𝑗 and (𝑘2) pairs (𝑖, 𝑗) such

that 𝑖 < 𝑗 ≤ 𝑘. Furthermore, it is possible to remove any number of edges from this maximal case while keeping

the DOAG weakly connected as long as the total number of edges remains greater or equal to (𝑛−1). If 𝑚 < 𝑛−1,

the graph is necessarily disconnected.

In Theorem 1 we get a straightforward upper bound on the number of arithmetic operations necessary to

compute all the 𝐷𝑛,𝑚,𝑘 up to certain bounds. As it is usual in combinatorial enumeration, there is a hidden cost

factor in the size of the numbers at stake: the more they grow the more costly arithmetic operations become. To

account for this cost we also give an upper bound on the bit-size of all numbers being multiplied.

Theorem 1. Let 𝑁 ,𝑀 > 0 be two integers. Computing 𝐷𝑛,𝑚,𝑘 for all 𝑛 ≤ 𝑁 , 𝑚 ≤ 𝑀 and all possible 𝑘 can be done
with 𝑂(𝑁 4𝑀) multiplications of integers of size at most 𝑂(𝑀 ln𝑀).

The first part of Theorem 1 is straightforward but we need a bound on the value of 𝐷𝑛,𝑚,𝑘 for the second part,

which is the purpose of Lemma 2.

Lemma 2. For all 𝑛, 𝑚, 𝑘, we have 𝐷𝑛,𝑚,𝑘 ≤ (
(𝑛2) − (𝑘2)

𝑚 ) ⋅ (𝑚 − 𝑛 + 2)!

Proof. This upper bound is based on two combinatorial arguments. Consider a sequence of 𝑛 vertices obtained

by decomposing a DOAG 𝐷 with 𝑘 sources and 𝑚 edges. The first 𝑘 vertices of this sequence thus correspond to

the 𝑘 sources of 𝐷.

First, the set of edges of 𝐷 is a subset of size 𝑚 of the set of all pairs of vertices that are not made of two

sources. Note that not all such subsets form a valid DAG however. Hence, the number of ways to choose the 𝑚
edges of 𝐷 is bounded above by ((

𝑛
2)−(𝑘2)
𝑚 ). Second, the number of ways to order the outgoing edges of all the

vertices is bounded by 𝑑1!𝑑2!⋯ 𝑑𝑛! where 𝑑𝑗 denotes the out-degree of the 𝑖-th vertex. Finally, this product is

bounded by (𝑚− 𝑛+ 2)!, which corresponds to the case where all the 𝑑𝑗 with 𝑖 < 𝑛 but one are equal to 1, 𝑑𝑛 = 0
and the remaining one is equal to (𝑚 − 𝑛 + 2).

This bound on the number of DOAGs is rough but it is precise enough to get an estimation of the bit-size of

these numbers.

Corollary 1. There exists a constant 𝑐 > 0 such that for all 𝑛, 𝑚, 𝑘 we have log2(𝐷𝑛,𝑚,𝑘) ≤ 𝑐 ⋅ 𝑚 ⋅ log2 𝑚.

Proof. Let 𝐿 = (𝑛2) − (𝑘2). By Lemma 2, we have that:

𝐷𝑛,𝑚,𝑘 ≤
𝐿(𝐿 − 1)(𝐿 − 2)⋯ (𝐿 − 𝑚 + 1)

𝑚!
⋅ (𝑚 − 𝑛 + 2)! ≤ 𝐿(𝐿 − 1)(𝐿 − 2)⋯ (𝐿 − 𝑚 + 1) ≤ 𝐿𝑚.

Hence, log2(𝐷𝑛,𝑚,𝑘) ≤ 𝑚 log2(𝐿). Moreover log2(𝐿) ≤ log2(𝑛2) = 2 log2(𝑛) and since 𝑛 ≤ 𝑚 + 1 we have log2(𝑛) =
𝑂(log2(𝑚)).

We now have enough information to prove Theorem 1.
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Proof of Theorem 1. Since 𝐷𝑛,𝑚,𝑘 = 0 for 𝑘 > 𝑛, we need to compute 𝑂(𝑁 2𝑀) numbers. Moreover, computing

each 𝐷𝑛,𝑚,𝑘 requires to compute a sum of at most 𝑛2 terms, each of which is the product of a number of bit-

length 𝑂(𝑚 ln𝑚) with a coefficient of the form 𝐶(𝑗 , 𝑝, 𝑖) = (𝑗+𝑖𝑖 )(
𝑝
𝑖)𝑖! (for some 𝑗 , 𝑝, 𝑖 ≤ 𝑛) of bit-length 𝑂(𝑛 ln 𝑛).

Overall this accounts for 𝑂(𝑁 4𝑀) multiplications of bit-complexity (𝑀 ln𝑀).
There remains to measure the cost of computing the coefficients 𝐶(𝑗 , 𝑝, 𝑖). They can be obtained at a small

amortized cost using the relation 𝐶(𝑗 , 𝑝, 𝑖) = 𝐶(𝑗 , 𝑝, 𝑖 − 1) ⋅ (𝑗+𝑖)(𝑝−𝑖+1)
𝑖 (for all 1 < 𝑖 ≤ 𝑝) to get the value of

the coefficient at 𝑖 from its value at 𝑖 − 1 when summing the terms of 1 for increasing values of 𝑖. Clearly, the

cost of multiplying numbers of bit-length 𝑛 ln 𝑛 and ln 𝑛 is bounded by (𝑛 ln 𝑛) and therefore (𝑀 ln𝑀)
since 𝑛 ≤ 𝑀 + 1.

3 Recursive sampling algorithm
In this section we describe a uniform random sampler of DOAGs based on the recursive decomposition given in

the previous section. Our algorithm is based on the so-called “recursive method” from [NW78] in the way we se-

lect the parameters of the sub-structures. However, unlike what we would expect in the systematised framework

from [FZV94], the substructures are not independent. Once the sub-DOAG 𝐷′
accounted for by 𝐷𝑛−1,𝑚−𝑝,𝑘−1+𝑝−𝑖

has been selected, the set 𝐼 and the injective function 𝑓 ∶ 𝐼 → J1; |𝐼 | + 𝑠K accounted for by (𝑛−𝑘−𝑝+𝑖𝑖 )(𝑝𝑖)𝑖! cannot

be sampled independently from 𝐷′
.

Our random sampler is given in Algorithm 1. We first give a high-level description of the algorithm here

for the sake of readability. Implementation considerations are discussed below, and in particular in Algorithm 2

we give a fast algorithm for the generation of the outgoing edges of the new source at each step of the global

random sampling procedure.

Algorithm 1 Recursive uniform sampler of DOAGs

Input: Three integers (𝑛, 𝑚, 𝑘) such that 𝐷𝑛,𝑚,𝑘 > 0
Output: A uniform random DOAG with 𝑛 vertices (including 𝑘 sources) and 𝑚 edges

1: function UnifDOAG(𝑛, 𝑚, 𝑘)

2: if 𝑛 ≤ 2 then generate the (unique) DOAG with 𝑛 vertices

3: else
4: pick (𝑝, 𝑖) with probability 𝐷𝑛−1,𝑚−𝑝,𝑘−1+𝑝−𝑖(

𝑛 − 𝑘 − 𝑝 + 𝑖
𝑖 )(

𝑝
𝑖)

𝑖!/𝐷𝑛,𝑚,𝑘

5: 𝐷′ ← UnifDOAG(𝑛 − 1, 𝑚 − 𝑝, 𝑘 − 1 + 𝑝 − 𝑖)
6: 𝐼 ← a uniform subset of size 𝑖 of the inner vertices of 𝐷′

7: 𝐼 ′ ← a uniform permutation of 𝐼
8: 𝐸 ← a uniform shuffling of 𝐼 ′ with the 𝑠 = 𝑝 − 𝑖 largest sources of 𝐷′

9: return the DOAG obtained by adding a new source to 𝐷′
with 𝐸 as its list of outgoing edges

The pick instruction at line 4 implements the “recursive method” scheme: pick the parameters of the sub-

structures using the pre-computed counting information. One possible way to implement this is to draw a ran-

dom variable 𝑟 ← Unif(J0;𝐷𝑛,𝑚,𝑘 −1K) and to compute the partial sum of the terms 𝐷𝑛−1,𝑚−𝑝,𝑘−1+𝑝−𝑖(𝑛−𝑘−𝑝+𝑖𝑖 )(𝑝𝑖)𝑖!
(in any order independent of 𝑟) until the sum is greater than 𝑟 . The indices 𝑝 and 𝑖 of the last term of the sum are

the ones to pick. Independently of the summation order, this procedure has complexity 𝑂(𝑛2) in the worst case

in terms of multiplications of big integers. An interesting order of summation is the one where the pairs (𝑝, 𝑖) are

taken in lexicographic order. In this case the complexity of the pick function can be expressed as 𝑂(𝑝2) which

is more informative about the cost of sampling the whole DOAG since 𝑝 is the out-degree of the new source. We

consider that this order is used here.

Once we have sampled the sub-DOAG 𝐷′
, sampling 𝐼 is straightforward and the injective function 𝑓 is

obtained as a permutation of 𝑆 (thus deciding of the order of the elements of 𝐼 as children of the new vertex)

shuffled with the largest (𝑝 − 𝑖) sources of 𝐷′
. The correctness and complexity of this procedure in terms of

integer multiplications are stated in Theorem 2.

Theorem 2. Algorithm 1 computes a uniform random DOAG with 𝑛 vertices, including 𝑘 sources, and 𝑚 edges by
performing 𝑂 (∑𝑣 𝑑2𝑣 )multiplications where 𝑣 ranges over the vertices of the resulting graph and 𝑑𝑣 is the out-degree
of 𝑣.
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Proof. The complexity result is a straightforward consequence of the above discussion. Uniformity is proven by

induction. Let 𝐷 be a DOAG of parameters (𝑛, 𝑚, 𝑘) and let (𝐷′, 𝑠, 𝐼 , 𝑓 ) denote the result of one decomposition

step of 𝐷. Then the probability that 𝐷 is returned by UnifDOAG(𝑛, 𝑚, 𝑘) is

ℙ[𝐷′] = ℙ[(𝑝, 𝑖)] ⋅ ℙ[𝐷′|𝑝, 𝑖] ⋅ ℙ[𝐼 |𝐷′, 𝑖] ⋅ ℙ[𝑓 |𝐼 , 𝑝, 𝑖]

where, by induction we have ℙ[𝐷′|𝑝, 𝑖] = 1/𝐷𝑛−1,𝑚−𝑝,𝑘−1+𝑝−𝑖 and by definition:

ℙ[(𝑝, 𝑖)] = 𝐷𝑛−1,𝑚−𝑝,𝑘−1+𝑝−𝑖(
𝑛 − 𝑘 − 𝑝 + 𝑖

𝑖 )(
𝑝
𝑖)

𝑖!/𝐷𝑛,𝑚,𝑘

ℙ[𝐼 |𝐷′, 𝑖] = (
𝑛 − 𝑘 − 𝑝 + 𝑖

𝑖 )

−1

ℙ[𝑓 |𝐼 , 𝑝, 𝑖] = (𝑖!(
𝑝
𝑖))

−1

.

In the end, we get that ℙ[𝐷′] = 1/𝐷𝑛,𝑚,𝑘 .

Note that the sum ∑𝑣 𝑑2𝑣 is of the order of 𝑚2
in the worst case but can be significantly smaller if the out-

degrees of the vertices are evenly distributed. In the best case we have 𝑑𝑣 ∼ 𝑚
𝑛 for most of the vertices and as a

consequence ∑𝑣 𝑑2𝑣 ∼ 𝑚2/𝑛.

We have decomposed the generation of the new source into several steps in Algorithm 1 (lines 5 to 8) to

make the role of each term in the counting formula apparent, and help stating the uniformity. However there

is a faster way to implement this part of the Algorithm by sampling 𝐼 and its ordering together using a variant

of the well-known Fisher–Yates algorithm (see [FY48]) using the property that the first 𝑖 terms of a uniform

permutation form a uniform ordered subset of size 𝑖 of its elements. This is described in Algorithm 2 which can

substitute lines 5 to 8 in Algorithm 1 in a practical implementation.

Algorithm 2 Optimised uniform sampler of new sources with given parameters

Input: Two non-negative integers 𝑖 and 𝑠, an array 𝑆 of length 𝓁𝑆 ≥ 𝑠 vertices playing the role of sources and

an array 𝑇 of length 𝓁𝑇 ≥ 𝑖 vertices playing the role of internal vertices.

Output: An array 𝑣 of 𝑖 + 𝑠 vertices, representing a new vertex with 𝑠 out-edges to the 𝑠 last elements of 𝑆
(appearing in the same order as in 𝑆) and 𝑖 edges to elements of 𝑇 , chosen uniformly at random.

1: 𝑖′ ← 𝑖
2: 𝑠′ ← 𝑠
3: 𝑣 ← new array of length (𝑖 + 𝑠)
4: for 𝑗 = 0 to 𝑖 − 1 do
5: 𝑟 ← Unif(J𝑗 ; 𝓁𝑇 − 1K)

6: 𝑇 [𝑗] ↔ 𝑇 [𝑟]
7: while 𝑖′ + 𝑠′ > 0 do
8: if Bern(𝑖′/(𝑖′ + 𝑠′)) then
9: 𝑣[𝑖′ + 𝑠′ − 1] ← 𝑇 [𝑖′ − 1]

10: 𝑖′ ← 𝑖′ − 1
11: else
12: 𝑣[𝑖′ + 𝑠′ − 1] ← 𝑆[𝓁𝑆 − 𝑠 + 𝑠′ − 1]
13: 𝑠′ ← 𝑠′ − 1

The first loop of Algorithm 2 (at line 4) implements the Fisher–Yates algorithm with an early exit after 𝑖
iterations rather than 𝓁𝑇 . After this, the first 𝑖 elements of 𝑇 represent the set 𝐼 and their ordering is uniform.

The second loop (at line 7) implements the shuffling of 𝐼 with the last 𝑠 elements of 𝑆. We populate the array 𝑣
in reverse order so as to ensure that the elements coming from 𝑆 remain sorted.

This algorithm achieves linear complexity in 𝑝 = (𝑖 + 𝑠) in terms of memory accesses and number of calls

to the random number generator, but needs to modify 𝑇 in place. Since 𝑇 represents the internal vertices of

a DOAG, this means that we must choose a data structure for DOAGs that is not sensitive to the order of its

internal vertices.

The idea is to represent a DOAG with 𝑛 vertices and 𝑘 sources as an array of vertices where the first 𝑘 el-

ements are the sources, sorted in increasing order, and the other 𝑛 − 𝑘 elements are the internal nodes stored
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Figure 3: The memory layout used for storing DOAGs during the generation. The labels on the vertices of the

DOAG on the left correspond to the order in which they are consumed by the decomposition. Each vertex on

the left corresponds to a cell of the main array on the right. Each cell (except for the last one) has a pointer to

an array of vertices representing its outgoing edges (here represented as integers for readability but stored as

pointers in practice). For instance the cell labelled 1 has three outgoing edges to the vertices labelled 7, 8 and 4.

in an unspecified order. Vertices are represented as pointers to arrays of vertices, the order of the elements en-

codes the order of the edges. One can then allocate a single array of size 𝑛 before the first call to the sampler

and populate it from right to left in the recursive calls. The invariant is that, after each recursive call of the

form UnifDOAG(𝑛′, 𝑚′, 𝑘′), the 𝑛′ last elements of the array represent its resulting DOAG 𝐷′
of size 𝑛′. Algo-

rithm 2 is then used by taking the 𝑛′ − 𝑘′ last elements of the array as 𝑇 and the 𝑘′ elements preceding them

as 𝑆, without making any copy. Finally the newly generated source is stored at index 𝑛 − 𝑛′, just before the 𝑛′
vertices representing 𝐷′

. The advantage of this memory layout is that after this point, the 𝑠 former sources that

have been turned into internal nodes are already at the right place. The memory representation discussed above

is pictured in Figure 3.

Remark 2. If the sequence 𝐷(𝑑)
𝑛,𝑚,𝑘 from Remark 1 is used in place of 𝐷𝑛,𝑚,𝑘 in the algorithm, and without any further

change, we obtain a uniform random sampler of DOAGs of maximum out-degree bounded by 𝑑. A large DOAG of
bounded out-degree, sampled using this algorithm, is shown in Figure 6 on page 23.

4 Asymptotic results
In this section, we introduce the notion of labelled transition matrices to give an alternative point of view on

DOAGs. Approaching the counting problem from this angle, we manage to provide lower and upper bounds

on the number of DOAGs with 𝑛 vertices (and any number of edges). These bounds are precise enough to give

a good intuition on the asymptotic behaviour of these objects. Building on this same approach, we provide an

efficient uniform sampler of DOAGs with 𝑛 vertices in the next section.

The decomposition scheme described in Section 2 corresponds to a traversal of the DOAG. This allows to

label its vertices from 1 to 𝑛 and to consider its transition matrix using these labels as indices. Usually, the

transition matrix of a directed graph 𝐷 is defined as the matrix (𝑎𝑖,𝑗 )1≤𝑖,𝑗≤𝑛 such that 𝑎𝑖,𝑗 is 1 if there is an edge

from vertex 𝑖 to vertex 𝑗 in 𝐷, and 0 otherwise. This representation encodes the set of the edges of a DAG but

not the edge ordering of DOAGs. In order to take this into account, we use a slightly different encoding.

Definition 2 (Labelled transition matrix). Let 𝐷 be a DOAG with 𝑛 vertices. We identify the vertices of 𝐷 to the
integers from 1 to 𝑛 corresponding to their order in the vertex-by-vertex decomposition. The labelled transition matrix
of 𝐷 is the matrix (𝑎𝑖,𝑗 )1≤𝑖,𝑗≤𝑛 with integer coefficients such that 𝑎𝑖,𝑗 = 𝑘 > 0 if and only if there is an edge from
vertex 𝑖 to vertex 𝑗 and this edge is the 𝑘-th outgoing vertex of 𝑖. Otherwise 𝑎𝑖,𝑗 = 0.

An example DOAG and its transition matrix are pictured in Figure 4, the meaning of the thick line and of

the grey cells will be explained later. Let 𝜙 denote the function mapping a DOAG to its transition matrix. This

function is clearly injective. In the rest of this section we will rely on this representation to work on DOAGs and

provide asymptotic results. We begin with the characterisation of the image of 𝜙.

First, observe that by definition of the traversal of the DOAG, the labelled transition matrix of a DOAG is

strictly upper triangular. Moreover, the non-zero values of row 𝑖 encode the ordered set of outgoing edges of

vertex 𝑖. We state below a property of these rows. Note that in column 𝑗 , the non-zero element with the highest
index 𝑖, that is in the lowest position on the picture, has a spacial role: it corresponds to the last edge pointing

to 𝑗 when decomposing the DOAG. These elements are highlighted by a grey background in Figure 4. As a

consequence, when such cells occur on the same line 𝑖 in the matrix, this means that when removing the 𝑖-th
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Figure 4: An example DOAG and its labelled transition matrix, the zeroes are not represented.

vertex in the decomposition, we uncover several new sources at once. By definition of the traversal, these sources

are ordered according to the total order of the outgoing edges and thus, the values of these cells of the matrix

must be ordered increasingly from left to right. For instance, observe that there are three grey cells in the first

row of the matrix in Figure 4. Indeed, when removing the first source of the DOAG on the left, we uncover three

new sources which are respectively in first, second and fourth position in the children of the removed source.

Hence, the three grey cells in the first row of the matrix are 1, 2 and 4 which are indeed increasing.

Another property of the labelled transition matrix of a DOAG is that if there are several grey cells in the

same row, they are necessarily consecutive. Indeed, these cells corresponds to edges pointing to newly uncovered

sources upon removing one vertex of the DOAG during its traversal. By definition, these vertices get consecutive

indices.

The outcome of the above discussion is summarised below and is actually the most difficult part of the

characterisation the image of 𝜙.

Lemma 3. Let 𝐴 = (𝑎𝑖,𝑗 )1≤𝑖,𝑗≤𝑛 be the labelled transition matrix of some DOAG. For all 𝑗 ∈ J1; 𝑛K, let 𝑏𝑗 denote the
largest 𝑖 ≤ 𝑛 such that 𝑎𝑖,𝑗 > 0 if such an index exists and 0 otherwise. We have that

• the sequence 𝑗 ↦ 𝑏𝑗 is weakling increasing;
• whenever 𝑏𝑗 = 𝑏𝑗+1, we have that 𝑎𝑏𝑗 ,𝑗 < 𝑎𝑏𝑗 ,𝑗+1.

Proof. For proving the first point, one must observe that for all 𝑗 , 𝑏𝑗 is the step at which the 𝑗-th vertex becomes

a source. As a consequence, since the sources are processed by the decomposition in the same order as they are

discovered, the sequence 𝑗 ↦ 𝑏𝑗 is necessarily weakly increasing.

The second point is a consequence of the above discussion: two vertices which become sources at the same

time get labels in the same order as their position as children of their parent.

The thick line in Figure 4 is the path obtained by drawing horizontal lines at coordinates (𝑏𝑗 , 𝑗) for all 𝑗 and

connecting these lines using vertical lines. Proposition 3 states that the cells that are above the horizontal steps

of this line must contain non-zero values and that consecutive such cells should contain increasing values.

Theorem 3. Let 𝐴 = (𝑎𝑖,𝑗 )1≤𝑖,𝑗≤𝑛 be a strict upper triangular matrix of natural integers. Then 𝐴 is the labelled
transition matrix of a DOAG if and only if

• each row contains at least one non-zero number;
• each non-zero number is used at most once in a given row;
• the set of the non-zero numbers of a row form an interval whose lower bound is 1;
• Proposition 3 holds.

Moreover, the number of sources of the DOAG whose image by 𝜙 is 𝐴 is the number of leading zeros on the first
row of 𝐴, and its number of edges is the number of non-zero values in the matrix.

The first three conditions of the theorem can be reformulated as: for each 𝑖 ∈ J1; 𝑛−1K, the sequence (𝑎𝑖,𝑗 )𝑖<𝑗≤𝑛
is a variation of size (𝑛 − 𝑖).

Proof of Theorem 3. By definition, the labelled transition matrix of a DOAG satisfies the three first conditions of

the theorem and the fourth has been proven in Proposition 3.
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There remains to prove that the inverse transformation is possible. Given a matrix satisfying the four condi-

tions of the theorem, we build a directed ordered graph as follows:

• consider the set 𝑉 = J1; 𝑛K as a set of vertices;

• for each 𝑣 ∈ 𝑉 , put an edge from 𝑣 to 𝑢 if and only if 𝑎𝑣,𝑢 > 0 in the matrix and order the outgoing edges

of 𝑣 so that (𝑣, 𝑢) ≺𝑣 (𝑣, 𝑢′) if and only if 𝑎𝑣,𝑢 < 𝑎𝑣,𝑢′ ;
• Finally, order the sources of the graph so that 𝑣 ≺∅ 𝑣′ if and only if 𝑣 < 𝑣′ as integers.

The directed graph described here is acyclic since the matrix is upper-triangular. Moreover, it is easy to check

that its transition matrix is exactly the initial matrix, which concludes the proof.

4.1 First bounds on the number of DOAGs with 𝒏 vertices
This characterisation of the labelled transition matrices of DOAGs gives a more global point of view on them

compared to the decomposition given earlier, which was more local. In particular this helps establishing simple,

though precise, lower and upper bounds on their number. Let 𝐷𝑛 = ∑𝑚 𝐷𝑛,𝑚,1 denote the number of DOAGs with

one source and any number of edges. A trivial upper bound on 𝐷𝑛 is given by the number of upper-triangular

matrices satisfying all the conditions of Theorem 3 except for the last one.

Lemma 4. Upper bound on the number of DOAGs of size 𝑛 For all 𝑛 ≥ 1, the number 𝐷𝑛 of DOAGs of size 𝑛 satisfies

𝐷𝑛 ≤ ¡𝑛 − 1!𝑒𝑛−1

where ¡𝑘! = ∏𝑘
𝑖=0 𝑖! denotes the super factorial of 𝑘.

The term “super factorial” seems to have been coined by Sloane and Plouffe in [SP95, page 228] but this

sequence had been studied before that, in 1900, by Barnes [Bar00] as a special case of the “G-function”. In fact,

if 𝐺(𝑧) denotes the complex-valued G-function of Barnes, we have the identity 𝐺(𝑛 + 2) = ¡𝑛! for all integer 𝑛.

Barnes also gives the equivalent

¡𝑛 − 1! = 𝐺(𝑛 + 1) ∼ 𝑒𝜁
′(−1) ⋅ 𝑛−1/12 ⋅ (

√
2𝜋)

𝑛 ⋅ 𝑒−
3
4 𝑛

2
⋅ 𝑛𝑛

2/2. (2)

Proof. For 1 ≤ 𝑖 ≤ 𝑛, the 𝑖-th row of the matrix-encoding of a DOAG has a prefix of zeros of length 𝑖, and the

rest of the row is the interleaving of a permutation of size 𝑗 (for some 1 ≤ 𝑗 ≤ 𝑛− 𝑖) and a sequence of zeros. The

number of such rows is

𝑛−𝑖

∑
𝑗=1 (

𝑛 − 𝑖
𝑗 )𝑗 ! =

𝑛−𝑖

∑
𝑗=1

(𝑛 − 𝑖)!
(𝑛 − 𝑖 − 𝑗)!

=
𝑛−𝑖−1

∑
𝑗=0

(𝑛 − 𝑖)!
𝑗 !

≤ (𝑛 − 𝑖)!𝑒

The matrix corresponding to a DOAG thus has 𝑛 − 1 rows of this form (the last one contains only zeros) but

not all the matrices obtained by putting together rows of this form are valid DOAG matrices. This thus yields

the following upper bound:

𝐷𝑛 ≤
𝑛−1

∏
𝑖=1

(𝑛 − 𝑖)!𝑒 = ¡𝑛 − 1!𝑒𝑛−1.

Obtaining a lower bound on 𝐷𝑛 requires to find a subset of the possible labelled transition matrices de-

scribed in Theorem 3 that is both easy to count and large enough to capture a large proportion of the DOAGs.

One possible such set is that of the labelled transition matrices which have non-zero values on the super-

diagonal (𝑎𝑖,𝑖+1)1≤𝑖<𝑛. In such matrices, the constraints explained in Proposition 3 are trivially satisfied and this

leaves a lot of free space on the right of that diagonal to encode a large number of possible DOAGs.

Lemma 5. A first lower bound on the number of DOAGs of size 𝑛 There exists a constant 𝐴 > 0 such that for
all 𝑛 ≥ 1, we have

𝐴
𝑛

¡𝑛 − 1!𝑒𝑛−1.
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Proof. In a labelled transition matrix with positive values on the super-diagonal, the 𝑖-th row contains 1 ≤ 𝑗 ≤ 𝑛−𝑖
non-zero values, which can be in any position provided that one of them occupies the position (𝑖 + 1). Hence,

the number of such possible rows is

𝑛−𝑖

∑
𝑗=1 (

𝑛 − 𝑖 − 1
𝑗 − 1 )𝑗 ! = (𝑛 − 𝑖 − 1)!

𝑛−𝑖−1

∑
𝑗=0

𝑛 − 𝑖 − 𝑗
𝑗 !

= (𝑛 − 𝑖 − 1)!
(
(𝑛 − 𝑖)

𝑛−𝑖−1

∑
𝑗=0

1
𝑗 !

−
𝑛−𝑖−2

∑
𝑗=0

1
𝑗 !)

= 𝑒 ⋅ (𝑛 − 𝑖 − 1)(𝑛 − 𝑖 − 1)! + 𝑂(𝑛 − 𝑖).

As a consequence we have

𝐷𝑛 ≥
𝑛−2

∏
𝑖=1

𝑒 ⋅ (𝑛 − 𝑖 − 1)(𝑛 − 𝑖 − 1)!(1 + 𝑂(
1

(𝑛 − 𝑖)!))

≥ ¡𝑛 − 1! ⋅ 𝑒𝑛−1 ⋅ Θ(
1
𝑛)

⋅

Although they are not precise enough to obtain an asymptotic equivalent for the sequence 𝐷𝑛, these two

bounds already give us a good estimate of the behaviour of 𝐷𝑛. First of all, they let appear a “dominant” term of

the form ¡𝑛 − 1!𝑒𝑛−1, which is uncommon in combinatorial enumeration. And second, it tells us we only make a

relative error of the order of 𝑂(𝑛) when approximating 𝐷𝑛 by ¡𝑛 − 1! ⋅ 𝑒𝑛−1. We prove later in this chapter that

the remaining polynomial term is of the order of
1√
𝑛 ; but in order to obtain this, we first need to refine slightly

our lower bound so that the “interval” between our two bounds is a little narrower than 𝑛.

Lemma 6. A better lower bound for the number of DOAGs of size 𝑛 There exists a constant 𝐵 > 0 such that, for
all 𝑛 ≥ 1, we have

𝐷𝑛 ≥ 𝐵
ln(𝑛)
𝑛

¡𝑛 − 1!𝑒𝑛−1.

Proof. In order to obtain this lower bound, we count the number of valid labelled transition matrices such that

all but one of the cells on the super-diagonal have non-zero values. Let 2 ≤ 𝑖 ≤ 𝑛 − 2 and let us consider

those matrices (𝑎𝑝,𝑝)1≤𝑝,𝑞≤𝑛 such that 𝑎𝑖,𝑖+1 = 0. The difference from the matrices enumerated in the proof of the

previous lemma is that

1. on row 𝑖 − 1, the two first cells on the right of the diagonal must have positive values and must be in

increasing order;

2. on row 𝑖, any interleaving of a non-empty permutation and a line of zeros is allowed.

The number of rows satisfying condition 1 is given by

𝑛−𝑖+1

∑
𝑗=2 (

𝑛 − 𝑖 − 1
𝑗 − 2 )

𝑗 !
2
=

(𝑛 − 𝑖 − 1)!
2

𝑛−𝑖−1

∑
𝑗=0

(𝑛 − 𝑖 − 𝑗)(𝑛 − 𝑖 − 𝑗 + 1)
𝑗 !

=
(𝑛 − 𝑖 − 1)!

2

𝑛−𝑖−1

∑
𝑗=0 (

(𝑛 − 𝑖)(𝑛 − 𝑖 + 1)
𝑗 !

+
2𝑛 − 2𝑖 + 1
(𝑗 − 1)!

+
𝑗

(𝑗 − 1)!)

∼
𝑛−𝑖→∞

𝑒
2
(𝑛 − 𝑖 + 1)!

And the number of rows satisfying condition 2 is given by

𝑛−𝑖−1

∑
𝑗=1 (

𝑛 − 𝑖 − 1
𝑗 )𝑗 ! ∼

𝑛−𝑖→∞
𝑒(𝑛 − 𝑖 − 1)!

All the other other rows are as described in the proof of the previous lemma, so that the number of such matrices

has the following equivalent where the product on the right-hand side is that of the previous lemma and the

faction on the left is the correcting factor to take into account new conditions on rows 𝑖 and 𝑖 − 1.

𝑒2/2(𝑛 − 𝑖 − 1)!(𝑛 − 𝑖 + 1)!
𝑒2(𝑛 − 𝑖 − 1)(𝑛 − 𝑖 − 1)!(𝑛 − 𝑖)(𝑛 − 𝑖)!

𝑛−2

∏
𝑖=1

𝑒 ⋅ (𝑛 − 𝑖 − 1)(𝑛 − 𝑖 − 1)!(1 + 𝑂(
1

(𝑛 − 𝑖)!))
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As we have seen before, the product on the right is equivalent to
𝜆
𝑛 ¡𝑛 − 1!𝑒𝑛−1 when 𝑛 tends to the infinity,

whereas the fraction on the left behaves as
1

2(𝑛−𝑖) . As a consequence, by summing over 2 ≤ 𝑖 ≤ 𝑛 − 2, we obtain

a lower bound of the form

𝐵
ln(𝑛)
𝑛

¡𝑛 − 1!𝑒𝑛−1.

4.2 Obtaining the polynomial term by bootstrapping
Let us denote 𝑃(𝑛) the polynomial term in 𝐷𝑛, that is the quantity

𝑃(𝑛) def=
𝐷𝑛

¡𝑛 − 1!𝑒𝑛−1
⋅

We have proven above that for some constant 𝐵 > 0, we have 𝐵 ln(𝑛)
𝑛 ≤ 𝑃(𝑛) ≤ 1. A consequence of this fact,

which is the key to finding an equivalent for 𝑃(𝑛), is that for all 𝑘 ∈ ℤ, we have

𝑃(𝑛 + 𝑘) ≤
𝑛

𝐵 ln(𝑛)
𝑃(𝑛) =

𝑛→∞
𝑜(𝑛𝑃(𝑛)) (3)

To refine our knowledge on the sequence 𝑃(𝑛), we use a decomposition of the labelled transition matrices

focused on its first three lines. We use the fact that a labelled transition matrix (𝑎𝑖,𝑗 )1≤𝑖,𝑗≤𝑛 either has:

1. a non-zero value in 𝑎2,3, in which case the lower part (𝑎𝑖,𝑗 )2≤𝑖,𝑗≤𝑛 encodes a DOAG of size (𝑛 − 1);
2. a zero in 𝑎2,3 and a non-zero value in 𝑎3,4, in which case the lower part (𝑎𝑖,𝑗 )3≤𝑖,𝑗≤𝑛 encodes a DOAG of

size 𝑛 − 2;

3. or a zero in 𝑎2,3 and in 𝑎3,4.

This is pictured in Figure TODO. We compute the contributions to 𝐷𝑛 coming from each of these three terms.

The matrices from point 1 are made of a first line of length 𝑛 − 1 with a non-zero value in first position and

a labelled transition matrix of size 𝑛 − 1. Hence the number of such matrices is

𝐷𝑛−1 ⋅
𝑛−1

∑
𝑗=1 (

𝑛 − 2
𝑗 − 1)

𝑗 ! = 𝐷𝑛−1 ⋅ (𝑛 − 2)!
𝑛−2

∑
𝑗=0

(𝑛 − 1 − 𝑗)
𝑗 !

= 𝐷𝑛−1 ⋅ ((𝑛 − 1)!𝑒 − (𝑛 − 2)!𝑒 + 𝑜(1))

= 𝑃(𝑛 − 1)¡𝑛 − 1!𝑒𝑛−1 (1 −
1
𝑛
+ 𝑂(

1
𝑛2))

The matrices accounted for in point 2 are made of a first line of length 𝑛 − 1 with two non-zero values at its

beginning, a second line of length 𝑛−2 with a zero in first position, and a labelled transition matrix of size 𝑛−2.

The number of possibilities of the second line is

𝑛−1

∑
𝑗=2 (

𝑛 − 3
𝑗 − 2)

𝑗 !
2
⋅
𝑛−3

∑
𝑗=1 (

𝑛 − 3
𝑗 )𝑗 ! =

1
2
(𝑒(𝑛 − 1)! + 𝑂((𝑛 − 2)!)) (𝑒(𝑛 − 3)! + 𝑂(1))

=
𝑒2

2
(𝑛 − 1)!(𝑛 − 3)!(1 + 𝑂(

1
𝑛)) .

Thus, the total contribution of point 2 is

𝐷𝑛−2
𝑒2

2
(𝑛 − 1)!(𝑛 − 3)!(1 + 𝑂(

1
𝑛)) = ¡𝑛 − 1!𝑒𝑛−1𝑃(𝑛 − 2)(

1
2𝑛

+ 𝑂(
1
𝑛2))

Finally, the contribution coming from point 3 either have

• a non-zero value in 𝑎4,5, and the number of such matrices is bounded by

(𝑛 − 1)!(𝑛 − 3)!(𝑛 − 4)!𝐷𝑛−3 = 𝑒𝑛−1¡𝑛 − 1!𝑃(𝑛 − 3)𝑂(𝑛−2);

• or zero in 𝑎4,5, and the number of such matrices is bounded by 𝑒𝑛−1¡𝑛 − 1!𝑂(𝑛−3), which is negligible com-

pared to the previous quantity by (3).
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Summing all these contributions and dividing by the dominant terms we get

𝑃(𝑛) = 𝑃(𝑛 − 1)(1 −
1
𝑛
+ 𝑂(

1
𝑛2)) + 𝑃(𝑛 − 2)(

1
2𝑛

+(
1
𝑛2)) + 𝑂(

𝑃(𝑛 − 3)
𝑛3 ) ⋅ (4)

From this point, the idea is to refine our knowledge of 𝑃(𝑛) iteratively by bootstrapping (4). First, using (3)

to eliminate terms of smaller order than 𝑃(𝑛) in (4), we get that 𝑃(𝑛) ∼ 𝑃(𝑛 − 1). By injecting this fact again

in (4), we obtain that 𝑃(𝑛) = 𝑃(𝑛 − 1)(1 + 𝑂(𝑛−1)). And, iterating one last time, we obtain that

𝑃(𝑛)
𝑃(𝑛 − 1)

= 1 −
1
2𝑛

+ 𝑂(
1
𝑛2)

⋅ (5)

We conclude using a classical argument. The series of general term ln(
𝑃(𝑛)

𝑃(𝑛−1)) + 1
2𝑛 is convergent since this

quantity is in 𝑂(𝑛−2). As a consequence, we have

𝑛

∑
𝑘=2

ln
𝑃(𝑘)

𝑃(𝑘 − 1)
+

1
2𝑘

= ln(𝑃(𝑛)) +
ln(𝑛)
2

+ 𝜆 + 𝑜(1) for some constant 𝜆.

And finally,

𝑃(𝑛) ∼
𝐶
√
𝑛

for some constant 𝐶. (6)

This directly yields an equivalent for 𝐷𝑛.

Theorem 4. There exists a constant 𝐶 > 0 such that the number 𝐷𝑛 of DOAG with 𝑛 vertices satisfies

𝐷𝑛 ∼
𝐶
√
𝑛
𝑒𝑛−1 ¡𝑛 − 1!.

The super factorial provides a concise way to express this equivalent and also reflects the relation between

DOAGs and variation matrices. An equivalent without factorial can also be expressed using the equivalent

from [Bar00] recalled in equation (2) above. For some constant 𝑐, we have

𝐷𝑛 ∼ 𝑐 ⋅ 𝑛−7/12 ⋅ (𝑒
√
2𝜋)

𝑛 ⋅ 𝑒−
3
4 𝑛

2
⋅ 𝑛𝑛

2/2. (7)

4.3 Approximation of the constant
Let 𝐷𝑛,𝑘 denote the number of DOAGs with 𝑛 vertices (including 𝑘 sources and one sink) and any number of

edges. Using the same decomposition as above and applying the same combinatorial arguments we get

𝐷𝑛,𝑘 = ∑
𝑖+𝑠>0

𝐷𝑛−1,𝑘−1+𝑠(
𝑠 + 𝑖
𝑠 )(

𝑛 − 𝑘 − 𝑠
𝑖 )𝑖!

= ∑
𝑠≥0

𝐷𝑛−1,𝑘−1+𝑠 ⋅ 𝛾(𝑛 − 𝑘 − 𝑠, 𝑠)

where

𝛾(𝑎, 𝑏) = 1{𝑏≠0} +∑
𝑖>0 (

𝑏 + 𝑖
𝑏 )(

𝑎
𝑖)

𝑖!

The above sum gives an explicit way to compute 𝛾 , but there is a computationally more efficient way to do

so using recursion and memoisation:

𝛾(𝑎, 𝑏) = 0 when 𝑎 < 0 or 𝑏 < 0
𝛾(0, 𝑏) = 1{𝑏>0}

𝛾(𝑎, 𝑏) = 𝛾(𝑎, 𝑏 − 1) + 𝑎 ⋅ 𝛾(𝑎 − 1, 𝑏) + 1{𝑏=1} + 𝑎 ⋅ 1{𝑏=0} otherwise.

(8)

Using this recurrence formula with memoisation, the numbers 𝐷𝑛,𝑘 for all 𝑛, 𝑘 ≤ 𝑁 can be computed in 𝑂(𝑁 3)
arithmetic operations on big integers. Note that the 𝐷𝑛 sequence defined above corresponds to 𝐷𝑛,1. Using the
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numbers computed by this algorithm, we plotted the first 200 values of the sequence 𝑛 ↦
𝐷𝑛

√
𝑛

¡𝑛 − 1!𝑒𝑛−1
which

shows a fast convergence to the constant 𝐶 from Theorem 4. This suggests that the constant can be approximated

by 𝐶 ≈ 0.30256. The plot is given in Figure 5.
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Figure 5: The first values of the sequence 𝑛 ↦
𝐷𝑛

√
𝑛

¡𝑛 − 1!𝑒𝑛−1
.

5 Uniform sampling of DOAGs by vertices only
The knowledge from the previous section on the asymptotic number of DOAGs with 𝑛 vertices can be interpreted

combinatorially to devise an efficient uniform random sampler of DOAGs based on rejection. The main idea of

this section is that the upper bound we described on 𝐷𝑛 corresponds to counting objects that are computationally

cheap to sample, namely variations. Hence, a possible approach to sample uniform DOAGs is to sample uniform

matrices made of (𝑛 − 1) variations of sizes 1, 2, . . . , (𝑛 − 1) and reject them until they correspond to a valid

DOAG. We call such matrices “variation matrices”.

Definition 3 (Variation). A variation of size 𝑛 is a finite sequence of 𝑛 non-negative integers such that:

• the non-zero integers may occur at most once in the sequence;
• if 𝑖 > 0 occurs in the sequence, then for all 0 < 𝑗 < 𝑖, 𝑗 occurs in the sequence as well.

A variation is said to be non-empty if there is at least one strictly positive number is the sequence. In other words, a
variation is the interleaving of a possibly empty sequence of zeros with a possibly empty permutation.

For instance, the sequence 𝑣 = (6, 2, 3, 0, 0, 1, 4, 0, 5) is a variation of size 9. One of the earliest references to

these objects dates back to 1659 in Izquierdo’s Pharus scientiarum [Izq59, Disputatio 29]. They also appear in

Stanley’s book in the Twelvefold Way [Sta86, page 31], a collection of twelve basic counting problems arising

frequently in practice. Non-empty variations correspond to the A007526 sequence in the OEIS.

Definition 4 (Variation matrix). We call a variation matrix of size 𝑛 a strict upper triangular matrix (𝑎𝑖,𝑗 )1≤𝑖,𝑗≤𝑛
of non-negative integers such that for all 1 ≤ 𝑖 < 𝑛, the sequence (𝑎𝑖,𝑗 )𝑖<𝑗≤𝑛 is a non-empty variation (of size 𝑛 − 𝑖).

Since the number of such matrices is close (up to a factor of the order of

√
𝑛) to the number of DOAGs, the

probability that a uniform variation matrix of size 𝑛 corresponds to the labelled transition matrix of DOAG is of

the order of 𝑛− 1
2 . As a consequence, the expected number of rejections of the procedure sampling such matrices

until is DOAG is found is of the order of

√
𝑛 and the overall cost of this algorithm is

√
𝑛 times the cost of one

generation.

This idea, which is a textbook application of the rejection principle, already yields a reasonably efficient

sampler of DOAGs. In particular it is much faster than the sampler from the previous section based on the

recursive method, because it does not have to carry algorithmic operations on big integers. In this section we

show that this idea can be pushed further using “early rejection”, that is to say we do not fully generate a variation

matrix before testing whether it is a valid labelled transition matrix. Instead, we only generate a few elements

of the matrix (only those that are necessary to test its validity) so that we can reject it as early as possible. We

show how this can lead to an asymptotically optimal uniform sampler of DOAGs.

First, we design an asymptotically optimal uniform sampler of variations in Section 5.1, and then we show

in Section 5.2 how to leverage this into an asymptotically optimal sampler of DOAGs.

14
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5.1 Generating variation
The first key step towards generating DOAGs, is to describe an efficient uniform random sampler of non-empty

variations. We observe that the law of the number of zeros of a uniform non-empty variation of size 𝑛 obeys a

Poisson law of parameter 1 conditioned to be strictly smaller than 𝑛. Indeed, the number of variations of size 𝑛
with 𝑝 zeros is given by the number of shuffles of an array of 𝑝 zeros with a size (𝑛 − 𝑝) permutation, that is:

(
𝑛
𝑝)

(𝑛 − 𝑝)! =
𝑛!
𝑝!

=
1
𝑝!

⋅
𝑣𝑛

∑𝑛−1
𝑗=0

1
𝑗 !
⋅

As a consequence, the probability that a size-𝑛 permutation has 𝑝 zeros is ∝ 1
𝑝! . A possible way to generate a

uniform variation is thus to draw a Poisson variable 𝑝 of parameter 1 conditioned to be strictly smaller than 𝑛,

and then shuffling a size 𝑝 array of zeros with a uniform permutation using the Fisher-Yates algorithm [FY48].

This is presented in Algorithm 3.

Algorithm 3 Uniform random sampler of variations based on the rejection principle.

Input: An integer 𝑛 > 0
Output: A uniform random variation of size 𝑛

1: function UnifVariation(𝑛)

2: 𝑝 ← BoundedPoisson(1, 𝑛 − 1)

3: 𝐴 ← [0, 0,… , 0, 1, 2,… , 𝑛 − 𝑝] ⊳ array of length 𝑛, starting with 𝑝 zeros

4: for 𝑖 = 0 to 𝑛 − 2 do
5: 𝑟 ← Unif(J𝑖; 𝑛 − 1K)

6: 𝐴[𝑟] ↔ 𝐴[𝑖] ⊳ Swap entries of indices 𝑟 and 𝑖
7: return 𝐴

Regarding the generation of the bounded Poisson variable (performed at line 2), an efficient approach is

to generate regular (unbounded) Poisson variables until a value less than 𝑛 is found. Since the expectation of a

Poisson variable of parameter 𝜆 is 𝜆, (and 𝜆 = 1 here), this succeeds in a small bounded number of tries on average.

The algorithm described by Knuth in [Knu97, page 137] is suitable for our use-case since our parameter (𝜆 = 1) is

small. Furthermore it can be adapted to stop early when values strictly larger than 𝑛 are found. This is described

in Algorithm 4.

Algorithm 4 Adapted Knuth’s algorithm for bounded Poisson simulation

Input: A Poisson parameter 𝜆 > 0 and an integer 𝑛 ≥ 0
Output: A Poisson variable of parameter 𝜆 conditioned to be at most 𝑛

1: function BoundedPoisson(𝜆, 𝑛)

2: repeat
3: 𝑘 ← 0
4: 𝑝 ← Unif([0; 1])
5: while (𝑘 ≤ 𝑛) ∧ (𝑝 > 𝑒−𝜆) do
6: 𝑘 ← 𝑘 + 1
7: 𝑝 ← 𝑝 ⋅ Unif([0; 1])
8: until 𝑘 ≤ 𝑛
9: return 𝑘

The Unif([0; 1]) function generates a uniform real number in the [0; 1] interval.

Note that this algorithm relies on real numbers arithmetic. In practice, approximating these numbers by

IEEE 754 floating points numbers [Soc08] should introduce an acceptably small error. Indeed, since we only

compute products (no sums or subtractions), which generally have few terms, the probability that they introduce

an error should not be too far from 2−53 on a 64-bits architecture. Of course this is only a heuristic argument.

A rigorous implementation must keep track of these errors. One possible way would be to use fixed points

arithmetic for storing 𝑝 and to lazily generate the base 2 expansions of the uniform variables at play until we

have enough bits to decide how 𝑝 and 𝑒−𝜆 compare at line 5. Another way would be to use Ball arithmetic [Hoe10;

Joh17] and to increase precision every time the comparison when the comparison needs more. The proofs of

correctness and complexity below obviously assume such an implementation.
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Lemma 7 (Correctness of Algorithm 3). Given an input 𝑛 > 0, Algorithm 3 produces a uniform random variation
of size 𝑛.

Proof. The correctness of Algorithm 4 follows from the arguments given in [Knu97, page 137], which we do not

recall here. Regarding Algorithm 3, the for loop at line 4 implements the Fisher-Yates [FY48] algorithm, which

performs a uniform permutation of the contents of the array independently of its contents. In our use-case, this

implies that:

• the number of zeros is left unchanged;

• given an initial array with 𝑝 zeros as shown at line 3, the probability to get a particular variation with 𝑝
zeros is given by the probability that a uniform permutations maps its first 𝑝 values to a prescribed subset

of size 𝑝, that is
𝑝!
𝑛! .

This tells us that, the probability that Algorithm 3 yields a particular variation with 𝑝 zeros is

ℙ[BoundedPoisson(1, 𝑛) = 𝑝] ⋅
𝑝!
𝑛!

=
1

𝑝!∑𝑛
𝑘=0

1
𝑘!

⋅
𝑝!
𝑛!

=
1
𝑣𝑛

The “amount of randomness” that is necessary to simulate a probability distribution is given by its entropy.

This gives us a lower bound on the complexity (in terms of random bit consumption) of random generation

algorithms. For uniform random generation, this takes a simple form since the entropy of a uniform variable

that can take 𝑀 distinct values is log2(𝑀). This tells us that we need at least log2(𝑣𝑛) random bits to generate

a uniform variation of size 𝑛. When 𝑛 is large, we have log2(𝑣𝑛) = 𝑛 log2(𝑛) −
𝑛

ln(2) + 𝑂(log2(𝑛)). The uniform

variation sampler we give in Algorithm 3 is asymptotically optimal in terms of random bit consumption: in

expectation, the number of random bits that it uses is equivalent to log2(𝑣𝑛).

Lemma 8 (Complexity of Algorithm 3). In expectation, Algorithm 3 consumes 𝑛 log2(𝑛) + 𝑜(𝑛 log2(𝑛)) random
bits and performs a linear number of arithmetic operations and memory accesses.

Proof. The means of a Poisson variable of parameter 1 being 1, Algorithm 4 succeeds to find a value smaller or

equal to 𝑛 in a constant number of tries in average, and each try requires a constant number of uniform variables

in average. Furthermore, in order to perform the comparison 𝑝 > 𝑒−1 at line 5 in the algorithm, we need to

evaluate these uniform random variables. This can be done lazily, and again, it is sufficient to know a constant

number of bits of these variables in average to decide whether 𝑝 > 𝑒−1.
Regarding the shuffling happening at line 4 in Algorithm 3, it needs to draw (𝑛 − 1) uniform integers, re-

spectively smaller or equal to 1, 2, 3, . . . , 𝑛 − 1. At the first order, this incurs a total cost in terms of random bits,

of
𝑛

∑
𝑘=2

log2(𝑘) ∼ 𝑛 log2(𝑛).

In total, the cost of Algorithm 3 is thus dominated by the shuffling, which allows to conclude on its random

bits complexity.

Regarding the number of arithmetic operations and memory accesses, generating Poisson variables performs

in constant time using similar arguments. The shuffling part of the algorithm is clearly linear.

Note that we count integer operations in the above Lemma, thus abstracting away the cost of these operations.

At the bit level an extra log2(𝑛) term would appear to take into account the size of these integers. This type of

considerations is especially important when working with big integers as it was the case in Section 2. However

here, arithmetic operations on integers, rather than bits, seems to be the right level of granularity as a real-life

implementation is unlikely to overflow a machine integer.

5.2 A fast rejection procedure
Equipped with the variation sampler described above, we can now generate variation matrices in an asymp-

totically optimal way, by filling them with variations of sizes (𝑛 − 1), (𝑛 − 2),… , 3, 2, 1. By checking afterwards

whether the matrix corresponds to a valid DOAGs, an trying again if not, we get a uniform sampler of DOAGs

that is only sub-optimal by a factor of the order of

√
𝑛. This is presented in Algorithm 5. This algorithm is already

more efficient than a sampler based on the recursive method, whilst naive.
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Algorithm 5 A simple but sub-optimal uniform random sampler of DOAGs

Input: An integer 𝑛 > 0
Output: A uniform DOAG with 𝑛 vertices as its labelled transition matrix

function UnifDOAGNaive(𝑛)

𝐴 = (𝑎𝑖,𝑗 )1≤𝑖,𝑗≤𝑛 ← a zero-filled 𝑛 × 𝑛 matrix

repeat
for 𝑖 from 1 to 𝑛 − 1 do

(𝑎𝑖,𝑗 )𝑖<𝑗≤𝑛 ← UnifVariation(𝑛 − 𝑖)

until 𝐴 encodes a DOAG

return The DOAG corresponding to 𝐴

Checking the validity of a matrix at line 6 corresponds to checking the conditions given in Lemma 3 at

page 9. We do not provide an algorithm for this here, as the goal of this section is to iterate upon Algorithm 5

to provided a faster algorithm and get rid of the

√
𝑛 factor in its cost. We will see in the following that checking

these conditions can be done in linear time.

As we can see in Lemma 3, the conditions that a variation matrix must satisfy to be a labelled transition

matrix, concern the shape of boundary between the zero-filled region between the diagonal and the first positive

values above the diagonal. Moreover, we have seen in the proof of our asymptotic equivalent, that these zeros

tend to be rare (in general, but in particular near the diagonal), so that the area that we have to examine to have

access to this boundary should be small. This heuristic argument, hints at a more sparing algorithm that would

start by filling the matrix near the diagonal and check its validity early, before generating the content of the

whole matrix. This idea, of performing rejection as soon as possible in the generation process, is usually referred

to as “anticipated rejection” and also appears in [DFLS04] and [BPS94] for instance.

To put this idea in practice, we need to implement lazy variation generation, to be able to make progress

in the generation of each line independently, and to perform the checks of Lemma 3 while requiring as little

information as necessary.

Ingredient one: lazy variations Fortunately, Algorithm 3 can be easily adapted for this purpose since the for

loop that implements the shuffle progresses from left to right in the array. So a first ingredient of our optimised

sampler is the following setup for lazy generation:

• for each row of the matrix (i.e. each variation to be sampled), we draw a Poisson variable 𝑝𝑖 of parameter 1
and strictly bounded by (𝑛 − 𝑖);

• drawing the number at position (𝑖, 𝑗), once we have drawn all the numbers of lower coordinate in the same

row, can be done by selecting uniformly at random a cell with higher or equal coordinate on the same row

and swapping their contents.

Ingredient two: only one initialisation A straightforward adaptation of Algorithm 3 unfortunately requires

to re-initialise the rows after having drawn the Poisson variable (see line 3 of Algorithm 3) at each iteration of

the rejection algorithm. This is costly since about 𝑛2/2 numbers have to be reset. It is actually possible to avoid

this by initialising all the rows only once and without any zeros. Only at the end of the algorithm, once a full

matrix have been generated, one can re-interpret the 𝑝𝑖 largest numbers of row 𝑖, for all 𝑖, to be as zeros.

Ingredient three: column by column checking The last detail that we need to explain is how to check the

conditions of Lemma 3. As a reminder

• for each 2 ≤ 𝑗 ≤ 𝑛 we need to compute the number 𝑏𝑗 = max {𝑖 | 𝑎𝑖,𝑗 > 0};
• we must check whether this sequence is weakly increasing;

• and whenever 𝑏𝑗+1 = 𝑏𝑗 , we must check that 𝑎𝑏𝑗 ,𝑗 < 𝑎𝑏𝑗 ,𝑗+1.

A way of implementing this is to start filling each column of the matrix from bottom to top, starting from the

column 𝑗 = 1 and ending at column 𝑗 = 𝑛. For each column, we stop as soon as either a non-zero number is

found or the constraints from Lemma 3 are violated. In order to check these constraints, while filling column 𝑗
from bottom (𝑖 = 𝑗 − 1) to top, we halt as soon as either the cell on the left of the current cell, or the current cell

is non-zero. The case when the left cell is non-zero corresponds to when 𝑖 = 𝑏𝑗−1 and the conditions of Lemma 3
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can be checked. Recall that, per the previous point, the zero test in row 𝑖 is actually 𝑥 ↦ 𝑥 > 𝑛 − 𝑖 − 𝑝𝑖. We

shall prove that this process uncovers only a linear number of cells of the matrix, thus allowing to reject invalid

matrices in linear expected time.

The algorithm Putting all of this together yields Algorithm 6 to generate a uniform DOAG labelled transition

matrix using anticipated rejection. The algorithm is split to two parts. First, the repeat-until loop between

Algorithm 6 An optimised uniform random sampler of DOAGs based on anticipated rejection

Input: An integer 𝑛 > 0
Output: A uniform DOAG with 𝑛 vertices, encoded as its labelled transition matrix.

1: function UnifDOAGFast(𝑛)

2: 𝐴 = (𝑎𝑖,𝑗 )1≤𝑖,𝑗≤𝑛 ← the strictly upper triangular matrix (1{𝑗>𝑖} ⋅ (𝑗 − 𝑖))1≤𝑖,𝑗≤𝑛
3: (𝑝𝑖)1≤𝑖<𝑛 ← uninitialised array

4: (𝑠𝑖)1≤𝑖<𝑛 ← uninitialised array

5: repeat ⊳ Anticipated rejection phase

6: (𝑖, 𝑗)← (1, 2)
7: 𝑝1 ← BoundedPoisson(𝑛 − 2)

8: while 𝑗 ≤ 𝑛 do
9: 𝑟 ← Unif(J𝑗 ; 𝑛K)

10: 𝑎𝑖,𝑟 ↔ 𝑎𝑖,𝑗
11: 𝑠𝑖 ← 𝑗
12: if (𝑎𝑖,𝑗−1 ≤ 𝑛 − 𝑖 − 𝑝𝑖) ∧ (𝑎𝑖,𝑗 ∉ J𝑎𝑖,𝑗−1 + 1; 𝑛 − 𝑖 − 𝑝𝑖K) then
13: break ⊳ Rejection

14: else if 𝑎𝑖,𝑗 ≤ 𝑛 − 𝑖 − 𝑝𝑖 then
15: 𝑗 ← 𝑗 + 1
16: 𝑖 ← 𝑗 − 1
17: 𝑝𝑖 ← BoundedPoisson(1, 𝑛 − 𝑖 − 1)

18: else
19: 𝑖 ← 𝑖 − 1
20: until 𝑗 > 𝑛
21: for 𝑖 = 1 to 𝑛 − 2 do ⊳ Completion of the matrix

22: for 𝑗 = 𝑖 + 1 to 𝑠𝑖 do
23: if 𝑎𝑖,𝑗 > 𝑛 − 𝑖 − 𝑝𝑖 then 𝑎𝑖,𝑗 ← 0
24: for 𝑗 = 𝑠𝑖 + 1 to 𝑛 do
25: 𝑟 ← Unif(J𝑗 ; 𝑛K)

26: 𝑎𝑖,𝑟 ↔ 𝑎𝑖,𝑗
27: if 𝑎𝑖,𝑗 > 𝑛 − 𝑖 − 𝑝𝑖 then 𝑎𝑖,𝑗 ← 0
28: return 𝐴

lines 5 and 20 implements the anticipated rejection phase. At each iteration of this loop, we “forget” what has

been done in the previous iterations, so that 𝐴 is considered to be an arbitrary matrix satisfying the following

two conditions

𝑖 ≥ 𝑗 ⟹ 𝑎𝑖,𝑗 = 0 (9)

∀ 1 ≤ 𝑖 < 𝑛, {𝑎𝑖,𝑗 | 𝑖 < 𝑗 ≤ 𝑛} = J1; 𝑛 − 𝑖K. (10)

The contents of the (𝑝)1≤𝑖<𝑛 vector is also forgotten and each value is to be drawn again before any access.

The while loop at line 8 implements the traversal of the matrix described above: at each step, the value of the 𝑎𝑖,𝑗
is drawn and the conditions of Lemma 3 are checked before proceeding to the next step. The second part of the

algorithm, starting from line 21, completes the generation of the matrix once its near-diagonal part is known and

we know no rejection is possible any more. This includes replacing some values of the matrix by 0 pre ingredient

two above.

Lemma 9 (Correction of Algorithm 6). Algorithm 6 terminates with probability 1 and returns a uniform random
DOAG labelled transition matrix.
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This result is a consequence of Algorithm 5 and Algorithm 6 implementing the exact same operations, only in

a different order and with an earlier rejection in the latter algorithm. The key characteristic of this new algorithm

is that is only needs to perform a linear number of swaps in average to decide whether the reject the matrix or

not. As a consequence it is asymptotically optimal in terms of random bits consumption and it only performs

about 𝑛2/2 swaps to fill the 𝑛 × 𝑛 upper triangular matrix.

Theorem 5 (Complexity of Algorithm 6). In average, Algorithm 6 consumes 𝑛2
2 log2(𝑛) + 𝑂(𝑛3/2 log2(𝑛)) random

bits and performs 𝑛2
2 + 𝑂(𝑛3/2) swaps in the matrix.

Proof. In the rejection phase, in each column, we draw a certain number of zeros and at most one non-zero value

before deciding whether to reject the matrix or to proceed to the next column. As a consequence, when lazily

generating a variation matrix, we see at most (𝑛− 1) non-zero values and a certain number of zeros that we can

trivially upper-bound by the total number of zeros (strictly above the diagonal) in the matrix.

The number of variations of size 𝑛 with exactly 𝑝 zeros (with 0 ≤ 𝑝 ≤ 𝑛) is given by
𝑛!
𝑝! . As a consequence,

the expected number of zeros of a non-trivial variation is given by

𝑛−1

∑
𝑝=0

𝑝 ⋅
𝑛!
𝑝!

⋅
1

𝑣𝑛 − 1
= (𝑒−1 + 𝑂(

1
𝑛!))

𝑛−2

∑
𝑝=0

1
𝑝!

= 1 + 𝑂(
1

(𝑛 − 1)!)
⋅ (11)

It follows that the expectation of the total number of zeros of variation matrix of size 𝑛 is 𝑛 + 𝑂(1). This proves

the key fact that, in expectation, we only discover a linear number of cells of the matrix in the repeat-until loop.

Since, in expectation, we only perform 𝑂(
√
𝑛) iteration of this loop, it follows that we only perform 𝑂(𝑛3/2)

swaps there. Moreover, one swap costs 𝑂(log2(𝑛)) random bits, which thus accounts for a total of 𝑛3/2 log2(𝑛)
random bits in this loop.

In order to complete the proof, it remains to show that the for loops at the end of Algorithm 6 contribute the

leading terms of the estimates given in the Theorem. The first inner for loop at line 22 replaces, among the already

discovered values, the zeros encoded by numbers above the 𝑛 − 𝑖 − 𝑝𝑖 threshold by actual zeros. Although it is

not relevant to the proof, it is worth mentioning that this only accounts for linear number of iterations in total,

spanned over several iteration of the outer loop (at line 21). The second inner for loop at line 24 completes the

generation of the matrix. The total number of swaps that it performs (and thus the number of uniform variables

it draws) is
𝑛(𝑛−1)

2 minus the number of already discovered cells, that is 𝑛2/2 + 𝑂(𝑛). This allows to conclude the

proof.

Since log2(𝑛!) ∼ 𝑛 log2(𝑛) by Stirling’s formula, we have that log2(¡𝑛!) = ∑𝑛
𝑘=1 log2(𝑛!) ∼ 𝑛2

2 log2(𝑛). As

a consequence, we have that log2(𝐷𝑛) ∼ 𝑛2
2 log2(𝑛) which shows that Algorithm 6 is asymptotically optimal in

terms of random bit consumption. Moreover, filling a 𝑛×𝑛 matrix requires a quadratic number of memory writes

and the actual number of memory access made by our algorithm is of this order too.

6 Extension to labelled DAGs
In this last section we demonstrate the applicability of our method by establishing a counting formula for the

classical model of vertex-labelled DAGs (but with only one sink), counted by vertices, edges, and sources. This

corresponds to a sequence obtained by Gessel in [Ges96] using a generating functions approach. The recurrence

relations we obtain here are different and in particular they involve no subtraction, which makes them amenable

to effective random sampling. To our knowledge, this is the first such formula for labelled DAGs.

6.1 Recursive decomposition
In a first attempt to decompose regular vertex-labelled DAGs, one might be tempted to devise a decomposition

similar to DOAGs by removing the smallest source at each step. However, in this case this makes the recurrence

difficult to express. Instead we count vertex-labelled DAGs with a distinguished source (this operation is called

pointing), which makes the decomposition much simpler as we do not have to maintain an ordering.

Let 𝐴𝑛,𝑚,𝑘 denote the number of vertex-labelled DAGs with 𝑛 vertices (including 𝑘 sources and one sink)

and 𝑚 edges. The number of such DAGs with a distinguished (or pointed) source is given by 𝑘 ⋅ 𝐴𝑛,𝑚,𝑘 since any

of the 𝑘 sources may be distinguished. Let 𝐷 denote one such DAG and let 𝑣 denote its distinguished source.

Removing the distinguished source in 𝐷 and decrementing the labels of the vertices of higher label than 𝑣 by
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one yields a regular vertex-labelled DAG 𝐷′
with 𝑛 − 1 vertices. Moreover, the three pieces of information that

are necessary to reconstruct the source are the following:

1. the label 𝓁 of the source 𝑣 which has been removed;

2. the set 𝑆 of sources of 𝐷′
which have been uncovered by removing 𝑣;

3. the set 𝐼 of internal (non-sources) vertices of 𝐷′
that were pointed at by 𝑣.

The reconstruction is then straightforward: the vertices of label greater or equal to 𝓁 see their labels incremented

by one and one creates a new (distinguished) source 𝑣, of label 𝓁, and with edges to 𝑆 and 𝐼 . This leads to the

following recursive formula where 𝑝 = 𝑖 + 𝑠 denotes the out-degree of 𝑣.

𝐴1,𝑚,𝑘 = 1{𝑚=0 ∧ 𝑘=1}

𝐴𝑛,𝑚,𝑘 = 0 when 𝑘 ≤ 0 or 𝑘 > 𝑛

𝐴𝑛,𝑚,𝑘 =
𝑛
𝑘

min(𝑛−𝑘,𝑚)

∑
𝑝=1

𝑝

∑
𝑠=0

𝐴𝑛−1,𝑚−𝑝,𝑘−1+𝑠(
𝑛 − 𝑠 − 𝑘
𝑝 − 𝑠 )(

𝑘 − 1 + 𝑠
𝑠 ) otherwise.

(12)

Computing the first terms of this sequence with 𝑘 = 1 and 𝑝 > 0, we get back that values from OEIS A165950

related to the papers [Ges95; Ges96].

6.2 Random generation
A recursive random sampling algorithm similar to Algorithm 1 from Section 3 can be obtained from formula (12).

The only difference in methodology from Algorithm 1 is that one has to deal with the marking of the sources here

and thus the division by 𝑘 at the third line of (12). In fact it can be handled as follows: at every recursive call, first

generating a labelled DAG with a distinguished source (counted by 𝑘 ⋅ 𝐴𝑛,𝑚,𝑘) and then forgetting which source

was distinguished. Since the recursive formula for 𝑘 ⋅ 𝐴𝑛,𝑚,𝑘 has no division, the uniform sampler of marked

DAGs is obtained using the standard recursive method. Moreover, forgetting which source was marked does not

introduce bias in the distribution since all sources have the same probability to be marked. A uniform random

sampler of vertex-labelled DAGs with 𝑛 vertices (including 𝑘 sources and one sink) and 𝑚 edges is described in

Algorithm 7.

Algorithm 7 Uniform random sampler of vertex-labelled DAGs.

Input: Three integers (𝑛, 𝑚, 𝑘) such that 𝐴𝑛,𝑚,𝑘 > 0
Output: A uniform random vertex-labelled DAG with 𝑛 vertices (including 𝑘 sources and one sink), and 𝑚 edges

function sample(𝑛, 𝑚, 𝑘)

if 𝑛 ≤ 1 then generate the (unique) labelled DAG with 1 vertex

else
pick (𝑝, 𝑠) with probability 𝐴𝑛−1,𝑚−𝑝,𝑘−1+𝑠(

𝑛 − 𝑘 − 𝑠
𝑝 − 𝑠 )(

𝑘 − 1 + 𝑠
𝑠 )/𝐴𝑛,𝑚,𝑘

𝐷′ ← sample(𝑛 − 1, 𝑚 − 𝑝, 𝑘 − 1 + 𝑞)

𝐼 ← a uniform subset of size (𝑝 − 𝑠) of the inner vertices of 𝐷′

𝑆 ← a uniform subset of size 𝑠 the sources of 𝐷′

𝓁 ← Unif(J1; 𝑛K)

relabel 𝐷′
by adding one to all labels 𝓁′ ≥ 𝓁

return the DAG obtained by adding a new source to 𝐷′
with label 𝓁 and 𝐼 ∪ 𝑆 as its out-edges

Remark 3. As in the context of DOAGs (see Remark 1 page 4), it is also possible here to bound the out-degree of
the nodes both in the counting formula and in the random sampling algorithm. This simple change allows to sample
low-degree DAGs that would be difficult to get by rejection.

7 Conclusion and perspectives
In this paper, we have studied the new class of directed ordered acyclic graphs, which are directed acyclic graphs

endowed with an ordering of the out-edges of each of their vertices. We have provided a recursive decomposition
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of DOAGs that is amenable to the effective random sampling of DOAGs with a prescribed number of vertices,

edges and source using the recursive method from Nijenhuis and Wilf. We also have provided an equivalent

for the number of DOAGs with 𝑛 vertices and designed an optimal uniform random sampler for DOAGs with 𝑛
vertices and one sink (and thus no restriction on the number of edges). We have also showed that our approach

allows to approach classical labelled DAGs and have obtained a new recurrence formula for their enumeration.

The important particularity is that this new formula is amenable to efficient random sampling when the number

of edges is prescribed, which was not the case for previously known formulas.

Perspectives An interesting question that is left open by our work is the case of the multi-graph variant of this

model: what happens if multiple edges are allowed between two given vertices? This makes the analysis more

challenging since their is now an infinite number of objects with 𝑛 vertices and we must thus count them by

number of edges. Counting DOAGs as well as their multi-graph counterpart by edges remains an open question

and will certainly yield very different results from those we presented here.

Another lead would be to drop our constraint on the number of sinks, thus allowing to also consider dis-

connected objects and to study the question of the connectivity. For instance, considering a generalised DOAGs

where multiple sinks are allowed, what is the probability that it is connected? How does it depend on the number

of edges and will be observe a phase transition as in the classical model of Erdős–Rényi graphs?

Finally, it is also natural to wonder whether our successful approach at tackling the asymptotics of labelled

DAGs. Of course, this asymptotics is known [BRRW86], but proof similar to our is feasible, then it might be

possible as well to devise an efficient, pre-computation-free, algorithm for sampling them. This is also something

we are planning to investigate in the future.
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Figure 6: A random DOAG sampled uniformly at random among all DOAGs with 𝑚 = 1000 edges and with

maximum out-degree bounded by 10, that is such that all vertices have at most 10 outgoing edges. This DOAG

contains 272 vertices. The colours of the vertices represent their out-degrees and have been picked according to

the following colour map (lowest degree on the left and highest degree on the right).

0 1 2 3 4 5 6 7 8 9 10
out-degree
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